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Abstract

This project studies the effects of a single non-integrable impurity in an

otherwise integrable one-dimensional Floquet XXZ quantum circuit. In-

tegrable systems possess an extensive number of conserved quantities that

constrain dynamics and inhibit thermalization. By introducing a single

local impurity that breaks the Yang-Baxter structure, we study how these

conserved quantities decay and how thermalization emerges at late times.

Using GPU-accelerated numerical simulations, the dynamics of systems of

up to 30 spins were studied for a variety of initial states and observables.

Several complementary diagnostics were used to characterize thermaliza-

tion dynamics, including early-time exponential decay fits, time-averaged

expectation values, and plateau-entry times. The early-time dynamics

exhibited approximately exponential relaxation with decay times that of-

ten scaled linearly with system size, while plateau-entry times suggested

a slower, approximately quadratic scaling. This indicates that different

diagnostics probe distinct dynamical regimes.

Overall, this work highlights both the fragility of integrability in Floquet

quantum circuits and the complexity of thermalization dynamics.
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Introduction

Floquet systems are quantum systems governed by time-periodic Hamiltonians sat-

isfying H(t) = H(t + T ) for some period T [5, 11, 37]. Since the Hamiltonian is

time-dependent, Floquet systems do not generally conserve energy and are there-

fore expected to thermalize toward infinite-temperature states [1, 5, 10]. As a result,

Floquet quantum circuits provide a natural framework for studying nonequilibrium

quantum dynamics and thermalization.

A particularly important exception occurs in integrable Floquet systems. These

systems have an extensive family of conserved quantities that constrain the dynamics

and prevent conventional thermalization [2, 13, 23]. Instead of heating to infinite-

temperature, integrable Floquet systems may relax toward nonthermal steady states,

if they relax at all [13,35]. Since integrability is highly fragile, even small perturbations

can break integrability and change the long-time dynamics of the system [10,26].

This thesis studies the breakdown of integrability in a one-dimensional Floquet

XXZ quantum circuit induced by a single local non-integrable impurity. Although

this impurity acts only locally, it is enough to break integrability in the system. The

primary goal of this work is to investigate how the resulting thermalization time scales

with system size and how different diagnostics probe distinct relaxation regimes.

The numerical simulations are performed through exact calculation using GPU-

accelerated CUDA implementations [29,30]. By exploiting the locality and brickwork

structure of the XXZ Floquet circuit, systems of up to 30 spins can be simulated on

consumer-grade laptops.

The first chapter reviews the essential background information on Floquet systems

and brickwork Floquet circuits. The second chapter introduces integrability, the

Eigenstate Thermalization Hypothesis, and the XXZ Floquet model studied in this

thesis. The third chapter details the numerical methods and GPU implementation

used for the simulations. The fourth presents the numerical results, and the final

chapter discusses possible directions for future work.

The CUDA source code used to generate the simulations is available upon request.
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Chapter 1

Floquet Systems

1.1 Floquet Unitary

Periodically driven systems are characterized by a Hamiltonian that for some fixed

period T is periodic in time, or H(t) = H(t + T ) [5, 11, 37]. We can obtain the

time evolution operator for a constant Hamiltonian from the unitary time evolution

operator defined in Eq. 1.1. For a time-dependent Hamiltonian, the evolution operator

is given by the time-ordered exponential in Eq. 1.2.

U(t) = e−iHt/ℏ (1.1)

U(t) = T e−
i
ℏ
∫ t
0 H(t′)dt′ (1.2)

The time-ordering operator T is required since the Hamiltonian at different times

does not generally commute [11, 37]. For Floquet systems, the Hamiltonian is time-

periodic, so the time evolution operator for a period T can be obtained using Eq. 1.2.

The Floquet unitary is therefore defined as

UF = U(T ) = T e−
i
ℏ
∫ T
0 H(t′)dt′ (1.3)

for a Hamiltonian with period T [37]. The system can then be evolved in discrete

time increments by raising the Floquet unitary to an integer power. The stroboscopic

evolution of the unitary at integer multiples of the period is

U(nT ) = Un
F (1.4)
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Therefore, the Floquet unitary is useful in determining the long term behavior of a

periodically driven system at discrete times [5,11]. Since the Hamiltonian is explicitly

time-dependent, energy is not generally conserved, and generic interacting Floquet

systems are expected to absorb energy and thermalize toward infinite-temperature

states [1, 5, 24,33].

Since UF is guaranteed to be unitary, it is always possible to rewrite the Floquet

unitary as

UF = e−iHFT (1.5)

where HF is Hermitian, and is also referred to as the Floquet Hamiltonian [5,37].

Throughout this thesis, natural units with ℏ = 1 are used. The Floquet Hamiltonian

can be useful for analyzing some of the properties for the system. The structure of

the Floquet Hamiltonian can also provide insight into the integrability of the system.

1.2 Brickwork Floquet Circuits

In this thesis, the one-dimensional brickwork Floquet circuit is studied. These provide

a simple framework for studying thermalization and integrability breaking [7, 17].

1.2.1 Brickwork Structure

Floquet quantum circuits are usually represented by a series of unitary operators

sequentially acting on the system. These unitary operators are analogous to the

quantum gates [28], and usually act on one or two spins at a time. In many-body

settings, the spins are typically defined on a lattice. The circuits studied in this thesis

have periodic boundary conditions. One of the most common structures of Floquet

circuits, and the one that is studied here, is the brickwork circuit [17].

In the brickwork, there are two layers of staggered nearest neighbor two spin

unitaries that form the Floquet unitary itself. Layers can be repeatedly added to

evolve the system in time, giving rise to the brickwork structure [17]. Fig. 1.1 shows

the brickwork pattern, where the nearest neighbor unitaries are the boxes, and the

arrows represent the lattice spins as time increases vertically.

The brickwork circuit can be interpreted as a periodically driven system gener-

ated by two staggered constant Hamiltonians acting sequentially for time T/2 [5]. The

Floquet unitary can then be written as UF = U2U1, where U1 is the time evolution

3



Figure 1.1: Time Evolution of a 1D Floquet Circuit

operator on the Hamiltonian governing the first layer, and U2 is the time evolution op-

erator on the Hamiltonian governing the second layer [17]. Since the nearest neighbor

gates are staggered, it is important to note that all gates in the first layer commute

with each other, and the same is true for the second layer. This structure enables

efficient classical computation of the circuit.

1.2.2 Locality

One very important feature of the brickwork circuit is locality [6, 25]. In many-body

systems, locality means that each body only interacts with other bodies that are

close by. In other words, any information in the system must travel at a finite speed

throughout the system [25]. To have a local Hamiltonian, the Hamiltonian must be

able to be written as a sum of terms, with each term acting on a non-extensive subset

of the system. This requirement is fulfilled in the brickwork circuit since it is only

made up of nearest neighbor terms [17]. Therefore, the information in the brickwork

circuit travels outward in a light cone that can only advance one site per period [6,25].

One important aspect of locality is the appearance of well-defined subsystems. It

allows us to define useful concepts such as entanglement entropy and local observables

such that they only depend weakly on distant parts of the system [12,25]. The locality

of the brickwork circuit plays a central role in the thermalization dynamics studied

in this thesis, since the effects of the local impurity can only propagate through the

system at a finite velocity.
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Chapter 2

Integrability and the Eigenstate

Thermalization Hypothesis

2.1 Integrability

Integrability plays a central role in quantum many-body systems [2,13,23]. Generic,

non-integrable many-body systems are expected to evolve according to the Eigenstate

Thermalization Hypothesis, which leads to complete thermalization regardless of the

starting conditions [9, 34, 38]. Integrable systems are constrained by the conserved

quantities that exist, such that they fail to thermalize to a conventional thermal en-

semble [13, 35]. For systems governed by time-independent Hamiltonians, they are

considered integrable if there exists an extensive set of independent conserved oper-

ators Qi, such that each Qi commutes with the Hamiltonian [13, 23]. Each operator

must be either local or quasi-local. Quasi-local operators are similar to like local op-

erators, but can act on all sites as long as the operator strength decays rapidly with

distance [20].

Integrability is an important property of many-body systems, since integrable

systems are able to be solved exactly, allowing them to be studied analytically. Phe-

nomena such as elastic scattering are often most clearly understood in integrable

regimes [2, 23]. Integrable Floquet systems are particularly important because they

can prevent the generic infinite heating due to the conserved quantities involved [1,5].

Integrability is very fragile; small imperfections in the circuit that break integrability

can lead to drastic changes in behavior, as the algebraic structure underlying the con-

served quantities is easily destabilized [10, 13]. The contrast between integrable and

non-integrable dynamics provides a natural framework for studying thermalization.
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For Floquet systems, the fundamental object that governs the system is not a

Hamiltonian, but the Floquet unitary UF [5]. The same general principles apply to

Floquet systems, except that the conserved operators need to commute with the Flo-

quet unitary rather than the Hamiltonian. When the Floquet system is integrable, the

system is severely constrained by the conserved quantities, as in the time-independent

Hamiltonian case, and does not heat to infinite-temperature. This sharply contrasts

with a non-integrable Floquet system, as those systems do not generally conserve

energy.

2.1.1 Conserved Quantities

Systems are considered integrable when they have an extensive number of operators

independent of the time evolution operator that commute with the time evolution

operator [13, 23]. This naturally leads to a number of extensive conserved quantities

of the system that are associated with those local operators. This can be seen easily

by applying the observable to the state at discrete time n

⟨ψ
∣∣(U−1

F

)n
OUn

F

∣∣ψ⟩ = ⟨ψ
∣∣O (U−1

F

)n
Un
F

∣∣ψ⟩ = ⟨ψ|O|ψ⟩ (2.1)

We can see that the expectation value of the observable must be conserved through-

out the time evolution. It follows that the expectation value of the observable cannot

relax to the infinite-temperature value [13,35]. This is what allows us to use local ob-

servables as a diagnostic for when the system thermalizes, as these formerly conserved

local operators must decay to a very small plateau value.

2.2 Eigenstate Thermalization Hypothesis

The Eigenstate Thermalization Hypothesis (ETH) proposes an explanation for why

isolated quantum systems exhibit thermal behavior, even though their time evolution

is governed by reversible dynamics [9, 10, 38]. Unlike classical systems, an isolated

quantum system evolves unitarily, so it can never become a thermal mixed state.

ETH asserts that for non-integrable quantum systems, the individual eigenstates

themselves encode the thermal expectation values [9, 10, 38]. That is, if you take a

single energy eigenstate and measure an observable, the expectation value of that

observable will match what you expect for the appropriate thermal ensemble.
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ETH states that the diagonal matrix elements of local observables in the energy

basis will vary smoothly as a function of energy, while the off-diagonal elements are

exponentially suppressed in system size and behave effectively as random variables

[10,38]. This behavior has been tested numerically in finite many-body systems, where

ETH is diagnosed by diagonalizing local observables in the energy eigenbasis and

examining the smoothness of diagonal elements and the suppression of off-diagonal

ones [22]. As a result, generic non-integrable quantum systems relax toward thermal

expectation values and exhibit small fluctuations around the equilibrium [10,34].

Specifically, elements of the local observables in the energy eigenbasis take the

form [38]

Ē =
En + Em

2
, ω = En − Em (2.2)

Onm = δn,mgO(Ē) + (1− δn,m) exp[−S(Ē)/2]fO(Ē, ω)Rnm (2.3)

where gO is a smooth function, Rnm are random variables with zero mean and

unit variance, and fO is a smooth function related to linear response theory [10,38].

At infinite temperature, quantum many-body systems are described by the max-

imally mixed state. In the canonical ensemble, the density matrix is

ρ =
1

Z
e−βH (2.4)

where β = 1/T , H is the Hamiltonian of the system, and Z is the partition function.

In the infinite temperature limit β → 0, the Boltzmann weight is independent of

energy and the density matrix is reduced to

ρ∞ =
id

D
(2.5)

where D is the dimension of the Hilbert space. In this limit, every configuration is

equally likely [12].

The expectation of a local observable in the infinite temperature limit is therefore

its normalized trace,

⟨O⟩ = Tr [Oρ∞] =
1

D
Tr[O] (2.6)

This makes local observables, like the ZiZj observables, natural diagnostics for when

the system thermalizes. Since we are studying small systems of up to 30 spins,

7



the thermalized values of the local observables will fluctuate around the near-zero

values for traceless observables. In generic non-integrable Floquet systems, ETH

is expected to govern the late-time dynamics, leading to thermalization toward an

effective infinite-temperature state [5, 10].
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2.3 The XXZ Model

The Heisenberg XXZ model is a widely studied integrable model [2,23]. It differs from

the simpler XXX model by introducing an anisotropy parameter into the Hamiltonian.

The Hamiltonian of the XXZ model is

HXXZ = −T
N∑
j=1

(
σx
j σ

x
j+1 + σy

jσ
y
j+1 +∆σz

jσ
z
j+1

)
(2.7)

To define the Floquet unitary, we consider the time evolution generated by stag-

gered nearest-neighbor XXZ terms [17]. We can define a two-site XXZ Hamiltonian

as

H
(j)
XXZ = −T

(
σx
j σ

x
j+1 + σy

jσ
y
j+1 +∆σz

jσ
z
j+1

)
(2.8)

where the Hamiltonian acts on spins j and j + 1. The Floquet unitary can then

be written as

UF = exp

[
L∑

j even

−iH(j)
XXZ

]
exp

[
L∑

j odd

−iH(j)
XXZ

]
(2.9)

In each of the staggered sums in the exponentials, all the terms commute with

each other since they act on independent pairs of spins. This is important to note,

as the commuting structure allows for each exponential to factorize into products of

two-site unitaries [17]. Therefore, the Floquet unitary can be rewritten as

UF =

(∏
j even

e−iH
(j)
XXZ

)(∏
j odd

e−iH
(j)
XXZ

)
(2.10)

This is important for numerically simulating the circuit, since the dynamics can

be implemented through local bitwise operations on two-spin subsystems rather than

constructing the full Floquet unitary [28]. Within each layer, the local gates commute

since they act on disjoint pairs of spins, although the two staggered layers do not

generally commute with each other.
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2.3.1 Integrability of the XXZ Model

The XXZ model is integrable because it admits a family of commuting transfer ma-

trices [2, 14,23].

[T(u),T(v)] = 0, ∀u, v ∈ C (2.11)

parameterized by the spectral parameter u. Expanding the logarithm of the trans-

fer matrix in the spectral parameter gives an extensive set of mutually commuting

conserved quantities [14, 23]. We now introduce the R matrix for our XXZ Hamilto-

nian, along with the transfer matrix built from the R matrices.

Rj,k(u) =


sinh(u+ η) 0 0 0

0 sinh(u) sinh η 0

0 sinh(η) sinhu 0

0 0 0 sinh(u+ η)

 (2.12)

T(u) = Tra [Ra1(u)Ra2(u) · · ·RaN(u)] (2.13)

where the R-matrix Rj,k acts on the jth and kth spins. We introduce an auxiliary

spin a to construct the transfer matrix. The transfer matrix can be represented

graphically as a sequence of R-matrices connected through an auxiliary space with

periodic boundary conditions [14,19]. Using this notation, the commutation relation

between transfer matrices can be understood through the Yang-Baxter equation [2,14,

19]. Graphically, the Yang-Baxter equation allows a swap operator carrying spectral

parameter u − v to be moved through the transfer-matrix network. This is seen in

Fig. 2.1, where the boxes are matrices with a parameterization, and the circles are the

inverses. Therefore, a swap operator and its inverse can be inserted into the diagram.

Repeated application of the Yang-Baxter equation allows the swap operator to

be moved through the transfer matrix network, thereby proving the transfer-matrix

commutation relation [14, 19]. The conserved quantities can then be generated from

the derivatives of the logarithm of the transfer matrix,

Qn =
dn

dun
logT(u)

∣∣∣∣
u=0

(2.14)

10



vT(u)τ(v) = v · · · v

u u · · · u

α1 α2 αN

β1 β2 βN

u− vu− v

v· · ·vv

u· · ·uu

α1 α2 αN

β1 β2 βN

u u · · · u

v v · · · v

α1 α2 αN

β1 β2 βN

= T(v)τ(u)

Figure 2.1: Graphical representation of the Yang-Baxter proof of transfer-matrix
commutation

up to a normalization, which remain mutually commuting due to the transfer matrix

commutation relation [2, 23].

To relate the commuting transfer matrices to the XXZ Floquet circuit, it is neces-

sary to choose a parameterization of the R-matrix such that the corresponding local

two-site gate belongs to the same Yang-Baxter family [39]. For an appropriate choice

of spectral parameters, the local XXZ gate can be generated from the R-matrix con-

struction, implying that the Floquet circuit inherits the extensive family of conserved

operators generated by the transfer matrix. The existence of this extensive family

of mutually commuting conserved operators establishes the integrability of the XXZ

Floquet circuit [2, 17,23].

2.3.2 Breaking Integrability

To thermalize the XXZ Floquet circuit, integrability must be broken [10, 13]. To do

this, a local impurity λ is introduced to the XX term in a single two-site gate. The

non-integrable Floquet unitary is then

11



H̃
(j)
XXZ = −T

(
λσx

j σ
x
j+1 + σy

jσ
y
j+1 +∆σz

jσ
z
j+1

)
(2.15)

UF =

(∏
j even

e−iH
(j)
XXZ

)∏
k odd
k>1

e−iH
(k)
XXZ

 e−iH̃
(1)
XXZ (2.16)

It is important to note that we need to put the error in only a single one of the

terms in the Floquet unitary. If we add this defect uniformly to all the terms, it

becomes the XYZ circuit, which can be integrable for special choices of λ [21]. We

can control the strength of the impurity by changing the values of λ, with values of

λ farther from 1 corresponding to stronger impurities and faster thermalization.

This can be seen by examining the local two-site Hamiltonian. In the spin basis

{|↑↑⟩ , |↑↓⟩ , |↓↑⟩ , |↓↓⟩} the local Hamiltonian is

H
(i)
XXZ = −T


∆ 0 0 0

0 −∆ 2 0

0 2 −∆ 0

0 0 0 ∆

 (2.17)

while the Hamiltonian with the impurity becomes

H̃
(i)
XXZ = −T


∆ 0 0 λ− 1

0 −∆ λ+ 1 0

0 λ+ 1 −∆ 0

λ− 1 0 0 ∆

 (2.18)

The original XXZ Hamiltonian preserves total magnetization, and therefore has

the block-diagonal six-vertex structure required by the Yang-Baxter construction [2,

14, 23]. In particular, the only off-diagonal elements allowed are |↑↓⟩ ↔ |↓↑⟩ which

preserves total magnetization. With the impurity, however, the matrix is no longer

block-diagonal, and breaks the conservation of total magnetization as it now allows the

off-diagonal elements |↑↑⟩ ↔ |↓↓⟩. Equivalently, this can be stated as
[
H̃

(i)
XXZ , S

z
tot

]
̸=

0.

As a result, the modified gate no longer satisfies the six-vertex structure under-

lying the XXZ transfer matrix construction shown above, and therefore no longer

12



belongs to the same Yang-Baxter family [2, 23]. This destroys the exact transfer-

matrix construction responsible for the extensive set of conserved quantities. The

impurity therefore removes the conserved quantities responsible for integrability and

allows the system to thermalize [10, 13].
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2.4 Initial States and Matrix Product Represen-

tation

Matrix Product States (MPS) are an efficient way to represent many weakly entangled

quantum many-body states, particularly low-entanglement states [31,32,36]. Instead

of storing exponentially many amplitudes directly, the coefficients are factorized into

products of local tensors connected by auxiliary indices [32,36]. For periodic boundary

conditions, the matrix product state is defined as

|Ψ⟩ =
∑
{s}

Tr
[
A

(s1)
1 A

(s2)
2 . . . A

(sN )
N

]
|s1s2 . . . sN⟩ (2.19)

where each A
(si)
i is a matrix of dimensionD×D. D is known as the bond dimension

and controls the amount of entanglement in a state [31,36]. Product states correspond

to an MPS where the bond dimension is D = 1, while larger bond dimensions allow

for increasingly entangled states to be represented efficiently.

The brickwork Floquet circuit studied in this thesis has translational invariance

by two sites. Initial states with the same translational structure can therefore be

represented using two alternating tensors

|Ψ⟩ =
∑
{s}

Tr
[
A

(s1)
1 A

(s2)
2 A

(s3)
1 A

(s4)
2 . . . A

(sN−1)
1 A

(sN )
2

]
|s1s2 . . . sN⟩ (2.20)

Matrix product representations therefore provide a convenient framework for con-

structing initial states with a controlled entanglement structure [36, 40]. The corre-

sponding tensor operations used to construct the initial states numerically were im-

plemented using the Eigen C++ linear algebra library [18]. In particular, the dimer

product states studied later naturally admit compact MPS representations with a

bond dimension of two.
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Chapter 3

The Numerical Implementation
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3.1 State Vector Representation

The Floquet circuits studied in this thesis can be represented in the computational

basis [28]. For a system of N spins, the Hilbert space has dimension 2N , so the state

vector contains 2N complex amplitudes. Storing the full quantum state therefore

requires memory that scales exponentially with system size.

For example, a system of 30 spins requires a state vector of size 230. Using complex

numbers represented by pairs of 32-bit floating point values requires approximately

8.5 GB of memory for a single state vector. Due to the structure of the brickwork

Floquet circuit with periodic boundary conditions, only even system sizes can be

considered. Increasing the system size by two spins therefore increases the memory

cost by a factor of four.

The computational basis states are represented as

|0⟩ =

[
1

0

]
|1⟩ =

[
0

1

]
(3.1)

Multi-spin basis states are therefore constructed through the Kronecker products

of the individual spins [28].

|0⟩ ⊗ |1⟩ = |01⟩ =

[
1

0

]
⊗

[
0

1

]
=


0

1

0

0

 (3.2)

The tensor-product structure allows the computational basis to be indexed effi-

ciently using binary bitstrings. This makes the local two-site gates naturally compat-

ible with bitwise operations. Since the Floquet evolution is generated entirely from

local two-site gates, the dynamics can be implemented through repeated sparse up-

dates of the state vector rather than explicit construction of the full Floquet unitary.
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3.2 GPU Parallelization

The Floquet circuits studied in this thesis are simulated through exact state-vector

evolution. The most direct implementation would explicitly construct the full Floquet

unitary UF and evolve the state through repeated matrix multiplication

|ψ(t)⟩ = U t
F |ψ0⟩ (3.3)

However, this approach is computationally infeasible for large systems. For a

system of 30 spins, the Floquet unitary would have dimension 230 × 230, requiring

approximately 9 × 103 petabytes of memory to store explicitly. Instead, the locality

of the brickwork Floquet circuit allows the dynamics to be implemented entirely

through local two-site gate updates [17].

As discussed in Sec. 2.3, the Floquet unitary factorizes into products of local two-

site gates. By exploiting this structure, each local gate is applied independently to a

small subsystem of the Hilbert space. For a subsystem A containing the spins acted

on by a local gate, the Hilbert space is decomposed into

A = {sa, . . . , sb}, Ā = {si | si /∈ A} (3.4)

where Ā denotes the complement subsystem. An arbitrary state can then be written

as [28]

|ψ⟩ =
∑
sA,sĀ

csA,sĀ
|sA⟩ ⊗ |sĀ⟩ (3.5)

A local operator acting only on subsystem A therefore takes the form

OA = O ⊗ idĀ (3.6)

so the update acts non-trivially only on the local subsystem while leaving the remain-

ing spins unchanged.

For a two-site gate, the update requires iterating over all 2N−2 configurations of

the complement subsystem Ā. For each fixed configuration SĀ, the corresponding four

17



amplitudes associated with the two-spin subsystem are collected into a local vector,

ψ(SĀ) =


ψ00,SĀ

ψ01,SĀ

ψ10,SĀ

ψ11,SĀ

 (3.7)

Then, the local two-site unitary is applied to this four-dimensional vector, and

the updated amplitudes are written back into the global state vector. Since each

configuration of Ā is disjoint, these updates are embarrassingly parallel and therefore

highly suited to GPU parallelization [29].

A simplified implementation of the local two-site update is shown below. This is

explicitly the case where the two selected spins are neighbors and not the first and

last spin. The bitwise indexing identifies the four amplitudes associated with a fixed

configuration of the complement subsystem. It then applies the local unitary and

updates the amplitudes in the global state vector.

s i z e t c0=( i&mask)+(( i&˜mask)<<2);

s i z e t c1=c0+s1 ;

s i z e t c2=c0+s2 ;

s i z e t c3=c0+s1+s2 ;

complex<f loat> v0=ps i [ c0 ] ;

complex<f loat> v1=ps i [ c1 ] ;

complex<f loat> v2=ps i [ c2 ] ;

complex<f loat> v3=ps i [ c3 ] ;

p s i [ c0 ]=U[ 0 ] ∗ v0+U[ 1 ] ∗ v1+U[ 2 ] ∗ v2+U[ 3 ] ∗ v3 ;

p s i [ c1 ]=U[ 4 ] ∗ v0+U[ 5 ] ∗ v1+U[ 6 ] ∗ v2+U[ 7 ] ∗ v3 ;

p s i [ c2 ]=U[ 8 ] ∗ v0+U[ 9 ] ∗ v1+U[ 1 0 ] ∗ v2+U[ 1 1 ] ∗ v3 ;
p s i [ c3 ]=U[ 1 2 ] ∗ v0+U[ 1 3 ] ∗ v1+U[ 1 4 ] ∗ v2+U[ 1 5 ] ∗ v3 ;

The state vector is stored directly in the computational basis, where each basis

state corresponds to a binary string of length N . This makes mapping between a spin

configuration and its array straightforward, since each bitstring is itself an integer in

base two. As a result, local gate updates can be implemented efficiently using bitwise

indexing rather than constructing the full Floquet unitary.

This structure is naturally suited to the GPU. The full state vector can be kept in

18



global GPU memory along with the local two-site unitary, with each thread processing

one independent subsystem configuration and applying the corresponding local gate

update. For each two-site unitary, all subsystems are disjoint, so there are no race

conditions, and each thread does not have to check if it can access its elements. This is

what makes the algorithm embarrassingly parallel. Since the operations are extremely

simple, they can be executed simultaneously with single-instruction multiple-thread

(SIMT) execution [29]. This allows for the classical simulation of up to 30 spins on

consumer-grade laptops.
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3.3 Code Performance

As discussed in the previous section, the code is embarrassingly parallel, allowing

for substantial acceleration through GPU parallelization [29]. Fig. 3.1 shows the

execution times of the program for two representative simulations with different initial

states. The execution time of the program is not affected by the initial parameters or

states and remains approximately constant up to 24 spins, after which the runtime

increases rapidly with system size. The exponential increase is expected, since the

state vector increases by a factor of four each time the system size increases by two.

The constant execution time for up to 24 spins suggests that kernel launch overhead

and memory access overhead dominate the runtime [29, 30]. This is logical, since at

these times each thread only runs for a few iterations.

The main bottleneck is the amount of VRAM on the GPU. Since the system can

only be an even number of spins, each increase grows the needed VRAM by a factor of

four. For 32 spins, that would be around 35 gigabytes of data. This is only available

on high-end GPUs. The best workaround is to stream portions of the state vector

between host and device memory [29, 30]. This is only beneficial if the computation

takes longer than copying the data from the CPU to the GPU; however, local gate

updates are sufficiently lightweight that host-device transfer dominates the runtime.

This limits accessible sizes to systems of up to 30 spins.
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3.4 Numerical Stability and Finite-Size Limitations

Although the simulations in this thesis are performed using exact state-vector evo-

lution, alternative approaches to efficient simulation have been investigated. Ap-

proaches that are based on tensor-network methods can often simulate one-dimensional

quantum systems more efficiently by exploiting the low-entanglement structure of

many-body states [8, 40]. For generic non-integrable Floquet circuits, however, en-

tanglement entropy is expected to grow rapidly, making tensor-network truncation

inefficient [3,27]. Therefore, exact state-vector evolution is the best controlled frame-

work for studying thermalization dynamics of the Floquet circuit considered here.

The following numerical simulations are performed through the exact state-vector

evolution in the computational basis. This is done by exploiting the structure of the

brickwork Floquet circuit to efficiently implement the dynamics through repeated

application of the local two-site operators. Although this is vastly more efficient than

explicitly calculating the full Floquet unitary, it still scales exponentially with system

size. Therefore, both accessible system sizes and evolution times are computationally

constrained.

Although GPU acceleration allows the simulations to reach system sizes and

timescales that would otherwise be inaccessible, the accessible system sizes are still

constrained. Consequently, the results should be interpreted as finite-size numeri-

cal evidence for the thermalization dynamics of weakly non-integrable Floquet cir-

cuits rather than definitive asymptotic thermodynamic scaling results. The accessible

system sizes, however, are nevertheless sufficient to observe the crossover from con-

strained dynamics in the integrable regime to the infinite temperature limit once the

impurity is introduced.

The data were generated using 32-bit floating point precision. Single precision was

chosen to best take advantage of GPU parallelization, as in many consumer GPUs,

double precision arithmetic is throttled [29]. Therefore, precision is sacrificed to allow

for larger accessible systems.

While the Floquet evolution is itself unitary, the floating point arithmetic intro-

duces numerical rounding errors [16]. Therefore, the norm of the quantum state can

drift away from unity. Numerical precision errors can therefore provide a direct mea-

sure of the stability of the implementation. Over the accessible simulation times, the

norm drift remained negligible.
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Chapter 4

Numerical Results
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4.1 Physical Observables and Diagnostics

In the integrable regime, local observables associated with conserved quantities re-

main constrained throughout the dynamics. These observables therefore provide a

natural diagnostic for the persistence of integrability in a system once a local impurity

is introduced and thermalization occurs. In the integrable regime, the expectation

values either remain constant or fluctuate around nonzero plateau values inherited

from the conserved quantities depending on the initial state and the observables.

In this work, we study local magnetization, average magnetization, two-point

magnetization, and bond observables. These are natural probes of the XXZ Floquet

circuit since the integrable model preserves total magnetization, while the bond ob-

servable belongs to the same Yang-Baxter structure as the XXZ interaction itself.

The average magnetization and bond observables are defined as

m̄ =
1

L

L∑
i=1

σz
i (4.1)

Bi,j = σx
i σ

x
j + σy

i σ
y
j +∆σz

i σ
z
j (4.2)

Local magnetization is a sensitive single-site probe of thermalization and is com-

paratively simple to interpret, although it can exhibit strong oscillatory dynamics.

Averaging local magnetization can suppress this oscillatory behavior and provide a

cleaner diagnostic for the fully polarized state, but vanishes for the other states stud-

ied. Bond observables probe short-range correlations between spins and are particu-

larly sensitive to local correlation dynamics, although they are generally noisier and

exhibit more oscillatory behavior than single-site observables. In general, observables

acting on more than a single-site exhibit more complicated dynamics.

When integrability is broken in the circuit, the expectation values of these ob-

servables are no longer constrained by the conserved quantities in the circuit. There-

fore, as the system thermalizes, these observables should relax towards their infinite-

temperature expectation values. Thermalization is therefore diagnosed through the

decay of initially constrained local observables towards the infinite-temperature ex-

pectation values.
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Figure 4.1: Constant expectation values of local observables in the integrable XXZ
Floquet circuit for the fully polarized state

4.2 Integrable Dynamics of the XXZ Floquet Cir-

cuit

4.2.1 Fully Polarized State

The fully polarized state serves as a simple benchmark state, as it is an eigenstate

of the integrable XXZ circuit and therefore has no dynamics. Since the XXZ gates

preserve total magnetization, the fully polarized state cannot be mixed with any

other basis state under the integrable dynamics. Fig. 4.1 shows constant expectation

values for the selected observables, which agrees with the expectation since the fully

polarized state is an eigenstate.

All system sizes produce the same constant expectation values throughout the

time evolution, consistent with the absence of dynamics in the fully polarized state.

Consequently, all the local one-site and two-site magnetization observables collapse

onto a single value, as do the bond observables.
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Figure 4.2: Persistent constrained oscillatory dynamics of local observables in the
integrable XXZ Floquet circuit for the Néel and dimer product initial states

4.2.2 The Néel and Dimer Product States

The Néel state is a product state of alternating spins. The dimer product state is the

tensor product of maximally entangled nearest neighbor Bell pairs. These states are

defined as

|Néel⟩ = |0101 . . .⟩ (4.3)

|Dimer⟩ =
N/2⊗
j=1

|01⟩2j,2j+1 − |10⟩2j,2j+1√
2

(4.4)

Neither of these states are eigenstates of the XXZ circuit, and therefore experience

nontrivial dynamics without thermalizing. The local observables oscillate around

nonzero plateau values that are constrained by the conserved quantities in the circuit.

Fig. 4.2 shows persistent oscillatory dynamics around nonzero plateau values for a

variety of observables, consistent with the constrained dynamics of the integrable

XXZ circuit.

The integrable XXZ Floquet circuit therefore exhibits nonthermal dynamics across
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all studied initial states due to the extensive conserved quantities in the Floquet uni-

tary. While the fully polarized state remains completely stationary due to being

an exact eigenstate, the Néel and dimer product states display persistent oscillatory

dynamics around nonzero expectation values that are constrained by the conserved

quantities of the integrable circuit. These nonzero plateaus for the selected observ-

ables provide a baseline in which the behavior of systems with a single non-integrable

impurity can be compared.
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4.3 Thermalization Induced by a Local Impurity

To break the integrability of the XXZ Floquet circuit, a single local impurity is

introduced between the first and second spins by modifying the σxσx coupling with a

scaling parameter λ = 1. This single impurity breaks the integrability of the Floquet

circuit and ultimately leads to thermalization. Fig. 4.3 shows the decay from the

nonzero constrained expectation value towards the infinite-temperature plateau. The

size of the impurity can be controlled by fine-tuning the impurity parameter λ. It

is shown in Fig. 4.3 that impurities closer to the integrable value of λ = 1 produce

slower thermalization dynamics.
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Figure 4.3: Decay of m̄ in the fully polarized state once a single non-integrable im-

purity is placed in the otherwise integrable XXZ Floquet circuit

Since the system is local, the decay spreads ballistically through the system. The

locality enforced by the brickwork structure of the Floquet circuit imposes a speed
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limit on how fast the non-integrability can spread through the system. The delayed

onset of the infinite-temperature plateaus for larger system sizes suggests that the

impurity-induced thermalization timescale grows with system size.

The thermalization behavior is consistent across all the initial states. Fig. 4.4

shows this behavior; however, these decays are less clear. This is due to the use

of a single-site observable, as the total magnetization vanishes for the Néel state.

The monotonic increase in decay times still emerges at late times despite the strong

oscillatory behavior.
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Figure 4.4: Decay of σz
8 in the Néel state once a single non-integrable impurity is

placed in the otherwise integrable XXZ Floquet circuit for λ = 0.5

The dimer product state exhibits more complicated dynamics between the spins

due to initial short-range entanglement structure. Although the decay rates are less

visually separated across system sizes than in the fully polarized state, the onset of the

late-time plateau still monotonically increases with system size. This again suggests

that larger system sizes are correlated with longer thermalization timescales despite

the transient dynamics.
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Figure 4.5: Decay of σz
8 in the dimer product state once a single non-integrable

impurity is placed in the otherwise integrable XXZ Floquet circuit for λ = 0.5

While the detailed decay dynamics depend strongly on both the initial state and

the observables, all studied states exhibit increasing thermalization timescales with

increasing system size. The fully polarized state provides the clearest example of

this due to the lack of initial dynamics, although the same qualitative trend remains

visible in both the Néel and dimer product states.
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4.4 Extracting Thermalization Timescales

Thermalization in finite-size Floquet systems with a single impurity is not associated

with a sharply defined transition into the infinite-temperature regime. Therefore,

multiple diagnostics are required to extract characteristic thermalization timescales.

The observed dynamics of the decays not only contain contributions from the heating

introduced by the impurity, but also from the constrained dynamics of the rest of the

circuit.

Many observables exhibit approximately linear behavior on logarithmic plots dur-

ing the early-time regime. Therefore, a natural way to characterize the decays is to

fit a standard exponential to this region and compare the decay coefficients. The

resulting decay coefficients can then be used as an effective measure of the early-time

thermalization rate. These early-time fits, however, primarily probe the local dephas-

ing dynamics generated by the impurity rather than the total thermalization of the

circuit.

A second diagnostic is obtained by time averaging the observables to suppress the

oscillatory dynamics of the circuit. If the observed early-time scaling is robust, the

time-averaged observables should exhibit similar scaling behavior for the early-time

regime. The late-time behavior of the time-averaged observables is also examined.

A complementary diagnostic defines thermalization time through the onset of the

late-time plateau regime. The plateau-entry time is defined as the first time for which

the observable remains within

|O(t)−Oplateau| ≤ nσ (4.5)

of the late-time plateau value. Unlike the early-time exponential fits, this diagnostic

probes the late-time behavior at the level of late-time observable fluctuations, and

therefore may capture different aspects of the thermalization dynamics.
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4.4.1 Early-time Decay Fits

When plotting the raw decays on a log-plot, the decays look approximately linear.

This suggests that a good model of the decay is a standard exponential in the early-

time regime. Therefore, a standard exponential of the form

f(t) = A exp[−t/τ ] + C (4.6)

is fit.

The fitting window is chosen in the region where the decays appear approximately

linear on logarithmic plots across all system sizes. This starts occurring at around

t ≈ 50 and may extend to t ≈ 600 depending on the initial parameters and the chosen

observables used. The representative exponential fits in the early-time regime of the

decays are shown in Fig. 4.6.
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Figure 4.6: Early-time decays with standard exponential fits for m̄ for the fully po-

larized state for λ = 0.5
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Approximate linear early-time behavior on logarithmic plots appears consistently

across multiple initial states and impurity strengths. Fig. 4.7 shows the fits for a

smaller error, which also has the linear decays on a log-plot for a later time scale of

t = 400 to t = 600.
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Figure 4.7: Early-time decays with standard exponential fits for m̄ for the fully po-

larized state for λ = 0.6

The linear region on a log-plot shows up consistently with the other initial states.

In Fig. 4.8 and Fig. 4.9, the linear regions of the decays are plotted and fitted for the

different system sizes.
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Figure 4.8: Early-time decays with standard exponential fits for σz
8 for the Néel state

for λ = 0.5
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Figure 4.9: Early-time decays with standard exponential fits for σz
8σ

z
9 for the dimer

product state for λ = 0.5 with a sign flip

While the exponential fits provide a useful characterization of the early-time decay

dynamics, the extracted decay coefficients exhibit strong dependence on both the

initial state and the chosen observable. The scaling behavior of these coefficients is

examined in the following section.
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4.4.2 Extracted Early-Time Decay Times

In the standard exponential fits, comparing the decay parameter τ is equivalent to

comparing decay times. Fig. 4.10 and Fig. 4.11 show a linear relationship between

the decay time and the system size. This is an interesting result, as it suggests

that rapid local dephasing occurs once the impurity reaches a site. One possible

interpretation of the approximately linear scaling is that the impurity emits dephasing

fronts that propagate ballistically through the circuit, limited in speed by the locality

of the circuit. After a timescale proportional to the system size, the local observable

will have experienced repeated dephasing events introduced by the impurity. The

extracted early-time decay time may therefore probe local dephasing dynamics rather

than the overall thermalization of the full system.
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Figure 4.10: Decay time τ vs. system size of m̄ for the fully polarized state for λ = 0.5
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Figure 4.11: Decay time τ vs. system size of σz
8 for the Néel state for λ = 0.5

This behavior is not universally extracted. In fact, the opposite behavior emerges

for the σz
8σ

z
9 observable on the dimer product state. Fig. 4.12 shows an increasing

decay rate with system size, along with an even-odd effect. Since the circuit is trans-

lationally invariant by two sites, the extracted decay rates exhibit an even-odd effect

distinguishing systems of size L mod 4 = 0 and L mod 4 = 2. The initial state is a

tensor product of maximally entangled Bell states, and larger states would include a

larger number of entangled dimers. This suggests that the extracted early-time decay

rates may reflect the local scrambling of the entanglement structure rather than the

global thermalization timescale.

36



18 20 22 24 26 28 30

120

140

160

180

L

τ

Decay Time vs. System Size

L mod 4 = 2 Fit
L mod 4 = 0 Fit

Figure 4.12: Decay time τ vs. system size of σz
8σ

z
9 for the dimer product state for

λ = 0.6

The relationship between the extracted decay times and the system size can not

always be clearly seen. Fig. 4.13 shows the extracted decay time for the fully polarized

state for λ = 0.6, and the extracted decay times exhibit a weak but non-monotonic

increase with system size. This provides more evidence for the decay in the early-time

regime probing the local scrambling dynamics rather than full thermalization, as the

full decay profiles still exhibit systematically delayed plateau formation with system

size.
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Figure 4.13: Decay time τ vs. system size of the average magnetization for the fully

polarized state for λ = 0.6

The extracted decay times are sensitive to the chosen initial state and observable.

While several observables display approximately linear scaling with system size, other

observables exhibit non-monotonic or even opposite trends. This strongly suggests

that the early-time decay reflects the local impurity induced dephasing dynamics

rather than the global thermalization timescale.
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4.4.3 Time-Averaged Dynamics

In periodically driven systems, instantaneous expectation values generally exhibit

oscillatory behavior inherited from underlying dynamics of the circuit. This can

make it difficult to extract a characteristic thermalization timescale, as oscillations

complicate extracting the underlying decay dynamics. Time averaging suppresses

these oscillations while preserving the overall relaxation behavior.

The time-averaged observable is defined as

Ō(T ) =
1

T

∫ T

0

O(t)dt (4.7)

where O(t) denotes the observable being measured. For discrete numerical data, this

becomes

Ō(T ) =
1

T

T∑
t=0

O(t) (4.8)

Unlike the raw observables, time-averaged quantities are less sensitive to tran-

sient oscillatory dynamics, and can therefore provide a cleaner probe of the relax-

ation behavior. Comparing extracted timescales from the early-time regime of the

time-averaged decays allows us to determine whether the scaling obtained from raw

observables is robust or dominated by the oscillatory dynamics inherited from the

circuit.

4.4.3.1 Full Time-Averaged Decays

The full time-averaged decay of the average magnetization in the fully polarized state

at λ = 0.6 is shown in Fig. 4.14. Time averaging suppresses the oscillatory dynamics,

making the overall relaxation trend easier to identify. The early-time regime of the

raw decays appears exponential with oscillations. If the decay mechanism is robust,

the same effect should persist in the early-time regime of the time average. In the

late-time regime, larger systems appear approximately linear on a log-log plot. This

suggests that these systems may be governed by a power-law at late times. The time-

averaged dynamics therefore appear to exhibit qualitatively distinct early-time and

late-time relaxation regimes.
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Ō
m̄

Early-Time Regime

L = 18
L = 20
L = 22
L = 24
L = 26
L = 28
L = 30

103 103.1 103.2 103.3 103.4 103.5 103.6 103.7 103.8 103.9

10−5

10−4

Ō
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Figure 4.14: Time-averaged decay of m̄ for the fully polarized state for λ = 0.6
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4.4.3.2 Early-Time Time-Averaged Scaling

The early-time regime of the raw decays appears approximately exponential with

fluctuations. This means that the early-time regime should be well fit by

A

x
exp[−x/B] + C (4.9)

at similar time regimes to the raw decays. Fig. 4.15 shows the early-time regime

exponential fits of the time-averaged expectation value of the average magnetization

for the fully polarized state for λ = 0.5.
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Figure 4.15: Time average of m̄ in the fully polarized state for λ = 0.5

The decay times extracted from the fits and plotted in Fig. 4.16 exhibit an ap-

proximately linear relationship between decay time and system size. This suggests

that the relationship between the early-time regime decay time and system size is

robust under fluctuations in the raw decay.
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Figure 4.16: Extracted decay time in the early-time regime for time-averaged m̄ in

the fully polarized state for λ = 0.5

The time-averaged decays for the Néel and dimer product states experience qual-

itatively similar behavior in the early-time as the raw decays. This suggests that

the early-time decays are robust under time averaging, but primarily probe local

dephasing rather than the global thermalization.
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Figure 4.17: Extracted decay time in the early-time regime for time-averaged σz
8 in

the Néel state for λ = 0.5
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Figure 4.18: Extracted decay time in the early-time regime for time-averaged σz
8σ

z
9 in

the dimer product state for λ = 0.6

Time averaging reproduces the same qualitative early-time scaling behavior ob-
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served in the raw decays. In particular, the fully polarized and Néel states exhibit

approximately linear growth of extracted decay times with system size, while the

dimer product state exhibits the opposite behavior. Integrating an exponential decay

preserves the characteristic decay timescale, suggesting that early-time scaling is not

solely an artifact of oscillatory dynamics in the decay, but rather a probe of local

dephasing dynamics.
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4.4.3.3 Late-Time Time-Averaged Dynamics

The late-time regime appears approximately linear on a log-log plot which suggests

that the late-time regime may be described by a power-law. The decay can be fit

with a power-law of the form

f(t) = At−B + C (4.10)

The fitted exponents were found to vary only weakly across system sizes within

the fitting uncertainty. To reduce fitting instability and allow for direct compari-

son between system sizes, the exponent B was fixed across the fits. As system size

increases, the power-law fitted to the late-time regime becomes more accurate.
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Figure 4.19: Late-time time-averaged decays of m̄ for the fully polarized state for

λ = 0.6 with power-law fits

The overall amplitude of the late-time power-law tail is nevertheless expected to

retain sensitivity to early-time relaxation processes, since the majority of relaxation
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weight is accumulated in the early-time regime. Due to this, it should be possible to

recover the same dependence of early-time regime decay time on system size from the

amplitude of the late-time power-law tails.
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Figure 4.20: Extracted amplitudes A from the late-time power-law fits for m̄ for the

fully polarized state for λ = 0.5

The amplitudes do in fact recover the approximately linear relationship in the fully

polarized state in Fig. 4.20. In Fig. 4.21 and Fig. 4.22, the amplitudes also recover

the same relationship as the early-time regime fits. This lends more credence to

the interpretation that early-time linear dependence is robust. In the dimer product

state, the even-odd effect present in earlier extractions of the early-time regime decay

times has disappeared in the amplitudes. This is expected, as late-time time-averaged

relaxation is governed by increasingly averaged behavior, suppressing the even-odd

effect.
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Figure 4.21: Extracted amplitudes A from the late-time power-law fits for σz
8 for the

Néel state for λ = 0.5
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Figure 4.22: Extracted amplitudes A from the late-time power-law fits for σz
8σ

z
9 for

the dimer product state for λ = 0.5

If the full decay was governed by a single relaxation process, the late-time power-
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Initial State λ Observable Late-Time Power Law

Fully Polarized 0.5 m̄ t−2

Néel 0.5 σz
8 t−2

Néel 0.6 σz
8σ

z
9 t−2

Dimer Product 0.5 σz
8 t−2

Dimer Product 0.6 σz
8σ

z
9 t−1.5

Figure 4.23: Comparison of the late-time power-law tail exponent for different ob-
servables and initial conditions

law would be expected to approach a simple 1/t decay. The observation that the

non-trivial power-law decay is dependent on initial conditions indicates that the re-

laxation dynamics are not described by a single process. It naturally follows that the

early-time regime probes local dephasing, while the late-time regime probes slower

decay dynamics. The persistence of amplitude scaling, despite changes in the asymp-

totic power-law, suggests that the amplitude and exponents encode different physical

properties.

The analysis of time-averaged observables in both the early-time regime and late-

time regime has added evidence that the general qualitative trends seen in the early-

time regime of raw decays are robust and not an artifact of fluctuations. The late-time

approximate power-law tails also provide more evidence that the early-time and late-

time regimes probe fundamentally different dynamics.
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4.4.4 Plateau Fluctuations and Plateau Entry

4.4.4.1 Plateau Fluctuation Scaling

Once the system approaches the infinite-temperature regime, finite-size oscillations

remain around the plateau value. These fluctuations are a direct consequence of

finite-size effects of the accessible system sizes. Fig. 4.24 shows fluctuations around

the plateau values for all system sizes centered at zero. The suppression of these

oscillations with increasing system size is consistent across all studied states.
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Figure 4.24: σz
8 observable plateaus for fully polarized state for λ = 0.5

The fluctuation sizes are estimated by half the range of the plateau oscillations

over a fixed late-time window. These fluctuations should be some function of system

size, as they are explicitly not numerical noise but rather finite-size effects.
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Figure 4.25: Plateau fluctuation size plotted against system size for all studied states

In all states, the finite-size fluctuations are strongly suppressed in system size.

While there is not enough range to distinguish between exponential and power-law

scaling, an exponential is motivated by ETH. Finite-size fluctuations of local observ-

ables in generic non-integrable systems have been found to scale as D−1/2, where D is

the Hilbert-space dimension [4]. For a spin chain, the Hilbert-space grows exponential

with system size, D ∼ 2L. This corresponds to exponential suppression in L up to

finite-size corrections, suggesting that plateau fluctuations probe residual finite-size

fluctuations around the infinite-temperature limit.
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4.4.4.2 plateau-entry times

Although the strength of the decays appear similar across system sizes, decays for

larger systems continue much longer after the smaller system sizes start to plateau.

This is due to the fact that not only are the plateau values larger for smaller systems,

but so are the fluctuations around the plateau. This gives motivation for a new

thermalization detection procedure. Instead of comparing the strength of the decays

through fitting, thermalization time is defined as the point at which the observable

becomes indistinguishable from a plateau oscillation.

To detect when the data has approached the plateau, plateau fluctuations are

considered a statistical distribution to calculate the standard deviation. This is a more

robust measure than the naive amplitude. Then, a thermalization time is defined for

when the data approaches within nσ of the infinite-temperature plateau value. The

numerical data oscillates around the decay due to the inherited dynamics, which could

produce artificially early plateau-entry times. To suppress the oscillatory dynamics,

this window could be fitted with a stretched exponential to extract the decay time,

or the data can be smoothed using a Gaussian filter. For the Néel and dimer product

states, Gaussian smoothing produced more stable plateau-entry time estimates than

direct fitting.

A stretched exponential provided significantly more stable fits over the full decay

window than a standard exponential. A stretched exponential of the form

f(t) = A exp[−tC/B] +D (4.11)

was used. Fig. 4.26 shows the stretched exponential fit for selected decays. The

thermalization time can then be extracted from the fit by

t∗ =

(
B ln

[
|A|
σ

])1/C

(4.12)
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Figure 4.26: B7,9 observable with a stretched exponential fit for the fully polarized

state for λ = 0.5

Thermalization time can then be extracted from the fits. This is plotted with the

inverse of extracted thermalization time against the inverse of system size. Plotting

1/t∗ against 1/L incorporates the expectation that thermalization time will diverge

in the thermodynamic limit. Therefore, including the origin as a data point con-

strains the fit to remain consistent with the expected thermodynamic-limit behavior.

Fig. 4.27 shows that thermalization time scales quadratically with system size for

the average magnetization. The bond strength term exhibits higher-order finite-

size corrections, but accessible system sizes appear consistent with an approximately

quadratic scaling regime in a crossover region due to some finite-size effects.
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Figure 4.27: Plateau-entry time of m̄ and B7,9 for the fully polarized state for λ = 0.5

Instead of fitting decays in the Néel and dimer product states, thermalization

time is extracted from when the smoothed data approaches within three standard

deviations of the plateau value. Fig. 4.28 shows the raw decays of the σz
8σ

z
9 observable

for λ = 0.6 where the decays are cutoff using this procedure. In this plot, there is

a general monotonic trend where the cutoff activates. This is consistent with all

observables tested.
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Figure 4.28: Cutoff regions for the σz
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z
9 observables for the dimer product state for

λ = 0.6

Inverting the axes again to enforce the thermodynamic limit, extracted thermal-

ization times are plotted for the Néel state in Fig. 4.29 and for the dimer product

state in Fig. 4.30. The extracted thermalization times are broadly consistent with

quadratic scaling in system size in the thermodynamic limit. For single-site magne-

tization in the Néel state, the crossover region appears again, which could be due to

the finite-size effects.
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Figure 4.29: Plateau-entry time of σz
8 for the Néel state for λ = 0.5
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Figure 4.30: Plateau-entry time of σz
8 and σz

8σ
z
9 for the dimer product state for λ =

0.5, 0.6
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Using this procedure for extracting thermalization times can lead to a pronounced

even-odd effect for some observables and initial states. For the σz
8σ

z
9 observable in

the Néel state for both λ = 0.6 and λ = 0.7, there is an even-odd effect, where

thermalization times for states satisfying L mod 4 = 2 are approximately quadratic,

and the states satisfying L mod 4 = 0 exhibit a weaker scaling over the accessible

sizes. The even-odd finite-size effects are not unexpected in a Floquet brickwork

circuit, since the circuit is translationally invariant by two sites. This difference

in apparent scaling suggests that finite-size effects in accessible systems depend on

system parity.
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Figure 4.31: Even-odd effects of σz
8σ

z
9 for the Néel state for λ = 0.6, 0.7

Using plateau-entry time as thermalization time suggests that thermalization time

could scale quadratically with system size. Different extraction procedures were used

depending on the stability of the observable dynamics, although the resulting scaling

behavior remained qualitatively consistent. In some initial states and observables,
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significant even-odd effects appear with apparent dependence on L mod 4, thereby

changing the approximate scaling of thermalization time with system size. The ac-

cessible system sizes were insufficient to determine whether these trends converge in

the thermodynamic limit; however, the discrepancy between the approximately linear

early-time dephasing timescales and the approximately quadratic plateau-entry times

suggests that local relaxation and global equilibrium occur on parametrically different

timescales.
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Chapter 5

Summary and Conclusions
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In this thesis, we investigated the effects of a single non-integrable impurity in

an otherwise integrable one-dimensional Floquet XXZ quantum circuit. Integrable

systems are characterized by an extensive number of conserved quantities that con-

strain dynamics and prevent thermalization. By breaking integrability in the Floquet

XXZ circuit through the introduction of a localized impurity that breaks the Yang-

Baxter structure of the XXZ circuit, we study how formerly conserved quantities are

gradually destabilized and how thermalization emerges.

The numerical results demonstrate that even a single local defect is enough to

destabilize the integrable regime at sufficiently late times. Across a variety of initial

states, including the fully polarized state, the Néel state, and the dimer product state,

local observables that were previously conserved in the integrable regime decayed to

a near-zero plateau value consistent with infinite-temperature thermalization.

The key goal of this work was to characterize how thermalization time scales with

system size. Several complementary diagnostics were studied, including early-time

exponential decay fits, time-averaged observables, and plateau-entry times. These re-

sults suggest that different diagnostics probe distinct relaxation processes. Early-time

exponential fits exhibited approximately linear scaling with system size for several ob-

servables and remained robust under time averaging, suggesting early-time dynamics

mainly probe local dephasing dynamics. In contrast, the plateau-entry times imply

that thermalization could scale quadratically with system size in the thermodynamic

limit. The difference between early-time decay fits and plateau-entry diagnostics sug-

gests that impurity-induced relaxation may involve multiple dynamical regimes, with

the late-time regime potentially reflecting hydrodynamic relaxation [15].

The plateau-entry diagnostic revealed finite-size effects beyond the approximately

quadratic scaling seen in several observables. In particular, some observables in the

Néel state exhibited pronounced even-odd effects depending on the parity of the

system. Systems of size L mod 4 = 2 exhibited approximately quadratic behavior,

whereas systems satisfying L mod 4 = 0 remained deep in an apparent crossover

regime over the accessible system sizes. While similar crossover behavior was seen

in the fully polarized state and the dimer product state, the substantial even-odd

effect was not observed. This suggests that the plateau-entry procedure is sensitive

to residual finite-size effects, and while plateau-entry times are broadly consistent

with approximately quadratic scaling, accessible system sizes remain insufficient to

definitively determine the asymptotic behavior.

The late-time time-averaged dynamics revealed evidence for nontrivial long-time

relaxation behavior beyond the approximately exponential decay observed in the
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early-time regime. The late-time regime of the time-averaged observables was ap-

proximately described by power-law tails whose exponents depended on the initial

state, observable, and error parameter. Although the extracted exponents varied,

early-time decay scales were recovered through the amplitudes. This implies that the

amplitudes remain sensitive to local relaxation processes governing the initial decay,

supporting the interpretation that the early-time regime probes primarily local de-

phasing, while the late-time regime probes slower relaxation processes. The nontrivial

power-law tails, rather than the simple 1/t behavior expected from time-averaging a

single exponential, implies that full relaxation dynamics are not described by a single

process and instead involve multiple competing relaxation dynamics.

Finite-size plateau fluctuations provided additional evidence consistent with the

Eigenstate Thermalization Hypothesis. The observed suppression of fluctuation am-

plitudes with increasing system size was qualitatively consistent with the expectation

that off-diagonal elements of local observables in the energy eigenbasis are exponen-

tially suppressed in system size.

This project also demonstrated the power of CUDA and GPU-accelerated paral-

lelization for studying brickwork Floquet circuits. By exploiting the specific structure

of the brickwork circuit, it was possible to design an embarrassingly parallel algorithm

to simulate the behavior of the circuit. It was possible to simulate systems of up to

30 spins on consumer-grade laptops. These methods allowed for the study of long

term dynamics that would be inaccessible using dense matrix methods.

There remains several important directions for future work. Access to larger

system sizes would help distinguish true trends from finite-size effects and clarify the

relationship between local dephasing and global thermalization timescales. It would

also be of interest to investigate multiple impurities or different classes of Floquet

circuits to determine how universal the observed behavior is.

Overall, this work highlights the fragility of integrability and the complexity of

thermalization dynamics in Floquet quantum systems. Even a single localized defect

can eventually drive the system to thermalize completely, but the resulting relaxation

dynamics exhibit distinct timescales. Understanding the interplay between local de-

phasing, global thermalization, and integrability breaking remains an important open

problem in non-equilibrium many-body quantum mechanics.
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